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AN INFINITE PRODUCT ON THE TEICHMU¨LLER SPACE OF THE
ONCE-PUNCTURED TORUS
ROBERT HINES
Abstract. We prove the identity∏
γ
(
el(γ) + 1
el(γ) − 1
)2h
= exp
(
l1 + l2 + l3
2
)
,
(or ∏
γ
(
t(γ)2
t(γ)2 − 4
)h
=
t1 +
√
t21 − 4
2
· t2 +
√
t22 − 4
2
· t3 +
√
t23 − 4
2
in trace coordinates), where the product is over all simple closed geodesics on the once-
punctured torus, l(γ) = 2 arccosh(t(γ)/2) is the length of the geodesic, and li (ti) are the
lengths (traces) of any triple of simple geodesics {γi} intersecting at a single point. The
exponent h = h(γ; {γi}) is a positive integer “height” which increases as we move away
from the chosen triple {γi} in its orbit under SL2(Z) (see Figure 1 for the “definition by
picture”). For comparison, a short proof of McShane’s identity∑
γ
1
1 + el(γ)
=
1
2
=
∑
γ
1−√1− 4/t(γ)2
2
in the same spirit is given in an appendix. Both proofs are elementary and proceed by
“integrating” around the chosen triple {γi} in its Teichmu¨ller orbit.
1. Introduction
The equation
x2 + y2 + z2 = xyz
has a interesting tradition in both geometry and number theory. In geometry, it appears as
a special case of the trace identity (due to Fricke)
tr(A)2 + tr(B)2 + tr(AB)2 = tr a(A) tr(B) tr(AB) + tr(ABA−1B−1) + 2, A,B ∈ SL2
when the trace of the commutator is −2. In this case G = 〈A,B〉 ⊆ SL2(R) is a free
group on two generators and the quotient G\H is a once-punctured torus (with complete
hyperbolic metric). The equation above (for x, y, z > 2) parameterizes all such marked
surfaces. The Teichmu¨ller modular group for this torus is Γ = SL2(Z) which acts in a
somewhat complicated fashion in these coordinates (although easy to specify on generators).
In number theory, Markoff ([Mar79], [Mar80]) discovered that the “worst approximable”
irrational numbers, (or the indefinite binary quadratic forms with largest normalized min-
ima, or the lowest lying geodesics on the modular surface Γ\H) have a rigid combinatorial
structure parameterized by positive integer solutions to the Diophantine equation
X2 + Y 2 + Z2 = 3XY Z.
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2 ROBERT HINES
A connection (first enunciated by Harvey Cohn, cf. [Coh55]) between the two can be made
through the “modular torus”, Γ′\H, where Γ′ is the commutator subgroup of SL2(Z). This
is the maximally symmetric torus, corresponding to (x, y, z) = (3, 3, 3) (whose Teichmu¨ller
orbit is exactly the integer solutions of the Markoff equation). By taking generators for the
commutator subgroup, e.g.
A = M 0
1
=
(
5 2
2 1
)
= 2 +
1
2 + 1
z
, B = M 1
1
=
(
2 1
1 1
)
= 1 +
1
1 + 1
z
,
one can generate the Markoff forms as the fixed-point forms cx2 + (d − a)xy − by2 of the
matrices inductively defined by(
a b
c d
)
= Mp/q = Mp′/q′Mp′′/q′′ ,
p′
q′
<
p
q
=
p′ + q′
p′′ + q′′
<
p′′
q′′
, p′′q′ − p′q′′ = 1.
The traces of the triples of “adjacent” matrices satisfy x2 + y2 + z2 = xyz (as would any
collection constructed in a similar fashion from a pair of generators of the fundamental group
of a once-punctured hyperbolic torus).
It is a challenge to determine which properties of the discrete Markoff spectrum are arith-
metic in nature and particular to the modular torus, and which are generic for once-punctured
tori. For instance, a long-standing question of Frobenius [Fro13] is whether or not the maxi-
mum coordinate of a Markoff triple (X, Y, Z) uniquely determines the triple (in other words,
whether or not there are repetitions in the traces of the matrices Mp/q above). This unique-
ness property for the length spectrum (up to automorphisms) does not hold for generic
tori, cf. [MP08]. However, the question/conjecture has extensive numerical verification
and uniqueness has been proven for various subsets of the Markoff numbers (e.g. [Bar96],
[But01]).
The Markoff equation appears in various contexts; e.g. Rademacher reciprocity for Dedekind
sums (cf. [Rad54] and also [HZ74] Ch. II §8 for a topological interpretation and general-
ization) and paramterization of “exceptional” bundles on P 2(C) (vector bundles E → P 2,
with Hom(E,E) = C and Exti(E,E) = 0 for i ≥ 1) [GR87]. For a readable introduction,
references, etc. for this circle of ideas (with a focus on the unicity conjecture), see the recent
book of [Aig13]. A discussion of the coordinate change between the Teichmu¨ller spaces on
flat and hyperbolic once-punctured tori (and an interesting differential equation) is given in
[KRV79].
Of particular background interest is the rate of growth of Markoff numbers, considered in
[Zag82], and the generalizations to the rate of growth of lengths of simple closed geodesics
on the once-punctured torus ([MR95b], [MR95a]) and arbitrary surfaces ([Mir08]). Given a
hyperbolic once-punctured torus X, the length function on simple closed geodesics extends
to a norm on H1(X;R). This stems from the fact that each non-trivial homology class in
H1(X,Z) has a unique shortest geodesic “multi-curve” representative, and primitive homol-
ogy classes are represented by simple closed geodesics. Counting simple geodesics of length
≤ L is then equivalent to counting primitive lattice points in L · BX , where BX is the unit
ball in this normed space. See [MR95b], [MR95a], for details. The product identity we prove
below can be viewed as coming from an analysis of the unit sphere ∂BX .
Long-standing open problems and background aside, below we prove the following product
identity over all simple closed geodesics on a once punctured torus. If (a, b, c), a, b, c > 2,
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satisfies a2 + b2 + c2 = abc then∏
γ
(
t2
t2 − 4
)h
=
a+
√
a2 − 4
2
· b+
√
b2 − 4
2
· c+
√
c2 − 4
2
,
or rephrased ∏
γ
(
el(γ) + 1
el(γ) − 1
)2h
= exp
(
l(γ1) + l(γ2) + l(γ3)
2
)
with “traces” t(γ) = 2 cosh(l(γ)/2), a + b + c = t(γ1) + t(γ2) + t(γ3), and h is a positive
integer height parameter defined as follows (see Figure 1).
Embedd a countably infinite 3-regular graph in the plane. Choose a vertex v0 and and
direct all edges away from v0. Label all three of the regions of the complement of the graph
meeting at the chosen vertex with the number 1 (these are the heights corresponding to a,
b, and c). For each directed edge e, the region at the target of the edge is to be labeled with
the sum of the labels of the two regions meeting at e. We can also label each region with
a solution to the Markoff equation (starting with a, b, c in the regions where h = 1); the
region at the target of the edge e is labeled with xy − z where x and y are the traces to the
left and right of the edge, and z is the trace of the region at the source of e. This topograph
defines the function h(γ). For an explicit forumla on the projective line P 1(Q) (with a, b, c
at 0/1, 1/1, 1/0 in some order), we have h([p : q]) = max{|p|, |q|, |p− q|}.
Figure 1. A definition by picture of the height h(p, q) = max{|p|, |q|, |p− q|}
on the projective line P 1(Q).
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The identity we wish to prove is reminiscent of McShane’s identity∑
γ
1
1 + el(γ)
=
1
2
=
∑
γ
1−√1− 4/t(γ)2
2
,
the sum over all simple closed geodesics on a once-punctured torus and l(γ) is the length of
γ. We provide a proof of McShane’s identity similar to that of the product identity below in
an appendix for comparison. Both proofs proceed by “integrating” around a chosen point in
the Teichmu¨ller modular orbit of a once-punctured torus, but neither requires any specialized
geometric knowledge.
Acknowledgments
The author thanks Martin Weissman for allowing the use of his well-commented code to
produce Figure 1 and Greg McShane for providing references concerning the length-norm on
homology.
2. Proof of the product identity
Choose real numbers a, b, c > 2 satisfying a2+b2+c2 = abc. We will construct the infinite
product from three pieces identical in form, one for each pair (a, b), (b, c), (c, a), so we focus
on the construction of the (a, b) piece. For each p/q ∈ Q∩ [0, 1]∪ 1/0, define tp/q recursively
by
t = tp/q = tp′/q′tp′′/q′′ − tp˜/q˜, t0/1 = a, t1/1 = b, t1/0 = c
where p′/q′ < p′′/q′′ are adjacent rationals (p′′q′− p′q′′ = 1), p/q = (p′+ p′′)/(q′+ q′′) is their
Farey sum, and p˜/q˜ is the other rational adjacent to both p′/q′ and p′′/q′′ (see Figure 3). Let
l = l(p/q) = 2 arccosh(tp/q/2) = 2 log
(
t+
√
t2 − 4
2
)
and define
F : Q ∩ [0, 1]→ R, F (p/q) = l(p/q)
q
.
See Figure 2 for four instances of this function.
Although not required to follow the proof, we can relate this function to the length-
norm unit ball of H1(X;R) ∼= R2 (X the once-punctured torus) as follows. Suppose a =
tr(A), b = tr(B), and c = tr(C) are the (postive) traces of hyperbolic elements A, B,
C ∈ PSL2(R) (with pi1(X) ∼= 〈A,B〉 free on two generators) projecting to the representatives
of the homology elements (1, 0), (1, 1), and (0, 1) (i.e. we’ve chosen a basis for homology).
Then the coordinates of points on the unit ball BX coming from primitive integral homology
classes (q, p) with 0 ≤ p ≤ q are
(
q
l(p/q)
,
p
l(p/q)
)
. In other words, F above is the reciprocal
of the x-coordinate as a function of slope on the part of the unit ball corresponding to slopes
between zero and one. See Figure 2 for some instances of the length-norm unit ball. The
function F was also considered in [FG07], where convexity was noted as well. Smoothness
of F at irrational x can also be deduced from [MR95b], where some properties of the unit
ball are demonstrated and conjectured.
In what follows, we will adhere to the convention that undecorated variables correspond
to their values at p/q and their decorated versions correspond to their values at p′/q′, p′′/q′′,
p˜/q˜ (e.g. t′ = tp′/q′ if t = tp/q); see Figure 3.
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Figure 2. The (a, b) version of F and length-norm unit ball for
(a, b, c)=(3, 3, 3), (
√
8,
√
8, 4), (
√
5,
√
20, 5), (
√
6,
√
12,
√
18) (left
to right, top to bottom).
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p
q
= p
′+p′′
q′+q′′
p˜/q˜
p′′/q′′p′/q′
Figure 3. Decorated variable conventions
Theorem. The function F is convex on Q ∩ [0, 1] (hence extends to a continuous function
F on [0, 1]). F is differentiable at irrational x, with left and right derivatives at p/q given
by
λ(p/q) : = lim
x→p/q−
F (p/q)− F (x)
p/q − x = − log
((
t′ − t′′e−l/2
el/2 − e−l/2
)q
elq
′′
)
,
ρ(p/q) : = lim
x→p/q+
F (p/q)− F (x)
p/q − x = log
((
t′′el/2 − t′
el/2 − e−l/2
)q
e−lq
′′
)
.
Proof. First note that l < l′+l′′, which follows from the triangle inequality in two-dimensional
hyperbolic space or by a direct argument. Consider the difference quotients from the left and
right at a triple of adjacent rationals p′/q′ < p/q < p′′/q′′. We have (with primes denoting
function values per our convention and not derivatives)
F − F ′
p/q − p′/q′ = q
′l − ql′ = q′l − (q′ + q′′)l′ < q′(l′ + l′′)− (q′ + q′′)l′ = q′l′′ − q′′l′,
F ′′ − F
p′′/q′′ − p/q = ql
′′ − q′′l = (q′ + q′′)l′′ − q′′l > (q′ + q′′)l′′ − q′′(l′ + l′′) = q′l′′ − q′′l′,
⇒ F − F
′
p/q − p′/q′ <
F ′′ − F ′
p′′/q′′ − p′/q′ <
F ′′ − F
p′′/q′′ − p/q ,
i.e. the adjacent slope to the left at p/q is less than the adjacent slope to the right of p/q.
Two non-adjacent rationals can be favorably compared along a chain of adjacent rationals,
proving convexity.
We want to take limits of the left and right slopes along the rationals adjacent to p/q.
So as not to break our notational conventions, we fix p′/q′ < p/q < p′′/q′′ (and the various
decorated and undecorated variables) and let n be the “dynamic” variable in what follows.
The rationals adjacent to p/q are
xn =
pn
qn
=
|p′′ + np|
|q′′ + nq| , n ∈ Z,
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and the corresponding slope between xn and p/q is
Sn =
F (xn)− F (p/q)
xn − p/q =
{
qln − lqn n ≥ 0
lqn − qln n ≤ −1 ,
where ln = l(xn). The traces tn = txn satisfy a linear recurrence
tn+2 = ttn+1 − tn, t−1 = t′, t0 = t′′
with solution
tn =
t′′el/2 − t′
el/2 − e−l/2 e
nl/2 +
t′ − t′′e−l/2
el/2 − e−l/2 e
−nl/2, el/2 =
t+
√
t2 − 4
2
.
We have (for n ≥ 0)
exp(Sn) = exp(qln − lqn) = exp(qln − l(q′′ + nq)) =
(
eln
enl
)q
e−lq
′′
=
(
tn +
√
t2n − 4
2
)2q
e−nlqe−lq
′′ n→∞−−−→
(
t′′el/2 − t′
el/2 − e−l/2
)q
e−lq
′′
,
and (for n ≤ −1)
exp(Sn) = exp(lqn − qln) = exp(l|q′′ + nq| − qln) =
(
e−nl
eln
)q
e−lq
′′
=
(
2
tn +
√
t2n − 4
)2q
e−nlqe−lq
′′ n→−∞−−−−→
(
t′ − t′′e−l/2
el/2 − e−l/2
)−q
e−lq
′′
.
Finally, we need to address differentiability of F at irrational x. For a triple of adjacent
rationals, the difference in right and left slopes is
F ′′ − F
p′′/q′′ − p/q −
F − F ′
p/q − p′/q′ = q(l
′′ + l′ − l).
We want to show that this quantity approaches zero as p/q → x ∈ [0, 1]\Q. To do so,
we need to strengthen the triangle inequality. The argument that follows is a variation of
[Zag82], Lemma 2. In the Fricke trace identity, we get additivity of lengths when A and B
commute so that
2 arccosh(z/2) = 2 arccosh(x/2) + 2 arccosh(y/2)⇐⇒ x2 + y2 + z2 = xyz + 4
(which can also be verified directly). With tˆ = 2 cosh
(
l′ + l′′
2
)
we have (subtracting the
Markoff equation from the “additive” Fricke equation)
tˆ2 − t2 = t′t′′(tˆ− t) + 4 = (t+ t˜)(tˆ− t) + 4
and therefore
4 = (tˆ− t)(tˆ+ t˜) > (tˆ− t)t.
Applying the monotone function 2 arccosh(w/2) to the inequality
tˆ < t+
4
t
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gives
l′ + l′′ < 2 arccosh
(
t
2
+
2
t
)
≤ l + 4
t
√
t2 − 4 = l +
2
sinh l
using a tangent line approximation. Returning to our considerations above, we have
0 ≤ q(l′ + l′′ − l) ≤ 2q
sinh l
q,l→∞−−−−→ 0
for rationals p/q → x. The limit is zero since, for instance, q/l → 1/F (x) converges and
l/ sinh l→ 0. 
While the left and right derivatives are somewhat complicated, depending on triples of
values near a vertex, their difference is simpler
exp(ρ− λ) =
(
(t′ − t′′e−l/2)(t′′el/2 − t′)
(el/2 − e−l/2)2
)q
=
(
t2
t2 − 4
)q
= coth2q(l/2) =
(
el + 1
el − 1
)2q
.
Starting with ρ(0/1) and summing over the jumps in the derivative of F at rationals in (0, 1)
gives (in exponential form)
exp(ρ(0/1))
∏
p/q∈(0,1)
coth2q(l/2) = exp(λ(1/1)).
One can check that the expressions given for ρ, λ hold at 0/1, 1/1, respectively with the
convention that t1/0 = c and q
′′(0/1) = 1, q′′(1/1) = 0, so the above can be written as∏
p/q∈(0,1)
coth2q(l/2) = exp(λ(1/1)− ρ(0/1)) =
√
a2 − 4√b2 − 4(
a− c b−
√
b2−4
2
)(
b− ca−
√
a2−4
2
)
To cover all of the “topograph” (and account for all simple closed geodesics), we repeat the
construction above twice more, replacing the pair (a, b) with (b, c) and (c, a), and include
terms for a, b, and c, themselves. We will now replace the variable q in the product with
the height h, where h is defined as in Figure 1. The completed product is (using the relation
a2 + b2 + c2 = abc a few times to simplify)∏
γ
coth2h(l(γ)/2) =
a2
a2 − 4
b2
b2 − 4
c2
c2 − 4 terms for the base triple a, b, c
·
√
a2 − 4√b2 − 4(
a− c b−
√
b2−4
2
)(
b− ca−
√
a2−4
2
) term for the pair a, b
·
√
b2 − 4√c2 − 4(
b− a c−
√
c2−4
2
)(
c− a b−
√
b2−4
2
) term for the pair b, c
·
√
c2 − 4√a2 − 4(
c− ba−
√
a2−4
2
)(
a− b c−
√
c2−4
2
) term for the pair c, a
=
a+
√
a2 − 4
2
· b+
√
b2 − 4
2
· c+
√
c2 − 4
2
.
See Figure 4 for an example of the three F functions for a random triple.
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Figure 4. The (a, b), (b, c), and (c, a) versions of F for a random triple
(a, b, c) = (2.59740058623, 4.18711171215, 7.73808785195).
3. Example: The modular torus at its point of symmetry
For the maximally symmetric torus, choosing (a, b, c) = (3, 3, 3), the product is (factors
up to h = 7 shown)(
3 +
√
5
2
)3
=
(
12
12 − 4/9
)3·1(
22
22 − 4/9
)3·2(
52
52 − 4/9
)6·3(
132
132 − 4/9
)6·4
(
292
292 − 4/9
)6·5(
342
342 − 4/9
)6·5(
892
892 − 4/9
)6·6(
1692
1692 − 4/9
)6·7
(
1942
1942 − 4/9
)6·7(
2332
2332 − 4/9
)6·7
. . .
where the numbers
{1, 2, 5, 13, 29, 34, 89, 169, 194, 233, . . .}
(as a multiset) are the largest elements of triples of positive integer solutions to x2+y2+z2 =
3xyz. In this case the traces are all divisible by 3, hence the factor of 3 in the “number theory”
version. Each factor occurs with either multiplicity 3 (for the “singular” Markoff numbers 1
and 2) or multiplicity 6 (for the rest), i.e. the exponent 6 · h continues indefinitely.
Similarly, one could start with any other Markoff triple to obtain a similar infinite product
of rational numbers whose value is the product of three units each generating (the norm 1
cyclic part of) the stabilizers of the Markoff forms. Or, starting with traces in a number
field, one obtains similar infinite products for triple products of relative quadratic units. The
author doesn’t know whether or not these products are more than curiosities.
4. Appendix: McShane’s identity
In this appendix, we give a proof of McShane’s identity∑
γ
1
1 + el(γ)
=
1
2
=
∑
γ
1−√1− 4/t(γ)2
2
by considering the sum over the jump discontinuities in a function to be defined below. First
choose a triple (a, b, c), a, b, c > 2, satisfying a2 + b2 + c2 = abc. [Once again we will patch
together three peices to create the sum above, one for each of (a, b), (b, c), and (c, a), so we’ll
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focus on the (a, b) piece.] Associated to this choice, we can choose generators (pairwise) for
the associated once-punctured torus (cf. [Sch76])
M0/1 =
(
c/b a/b2
a a− c/b
)
, M1/1 =
(
0 −1/b
b b
)
, M1/0 = M0/1M
−1
1/1 =
(
c− a/b c/b2
c a/b
)
.
The reader (or their favorite computer algebra system) can verify that the traces of the
pairwise commutators are −2 for this triple. For p/q ∈ (0, 1)∩Q inductively define matrices
Mp/q = Mp′/q′Mp′′/q′′ ,
p′
q′
<
p
q
=
p′ + p′′
q′ + q′′
<
p′′
q′′
, p′′q′ − p′q′′ = 1.
Let tp/q = tr(Mp/q), and continue our notational conventions regarding t
′, t′′. For each
adjacent triple, the traces satisfy the Markoff–Fricke equation t2 + t′2 + t′′2 = tt′t′′. We will
use the notation
Mp/q =
(
u u− v
t t− u
)
, v =
1 + u2
t
,
for the entries of each matrix (with our primed variable conventions for u and v as well).
One can verify inductively starting with M0/1, M1/1 that the lower left corner of each matrix
is the trace of the matrix. Multiplying Mp′/q′ and Mp′′/q′′ gives the recurrences
u = u′u′′ + u′t′′ − v′t′′, t = t′u′′ + t′t′′ − u′t′′.
We now consider the function (see Figure 5 for an example graph)
f : [0, 1] ∩Q→ R, p/q 7→ u/t.
The function f is decreasing (as we’ll see), continuous at irrationals, with jumps on both
sides at rationals. The difference between adjacent rationals is
f(p′′/q′′)− f(p′/q′) = u
′′
t′′
− u
′
t′
=
u′′t′ − u′t′′
t′t′′
=
t
t′t′′
− 1 < 0,
using the recurrence for t noted above. (That the difference is negative follows from the
Markoff equation.) Using the Markoff equation again, we have
f(p′′/q′′)− f(p′/q′) =
−1 +
√
1− 4 ( 1
t′2 +
1
t′′2
)
2
.
Now we compute right and left limits:
lim
p′′
q′′→
p′
q′
+
f(p′′/q′′)− f(p′/q′) = lim
t′′→∞
−1 +
√
1− 4 ( 1
t′2 +
1
t′′2
)
2
=
−1 +√1− 4/t′2
2
,
lim
p′
q′→
p′′
q′′
−
f(p′′/q′′)− f(p′/q′) = lim
t′→∞
−1 +
√
1− 4 ( 1
t′2 +
1
t′′2
)
2
=
−1 +√1− 4/t′′2
2
.
In other words, the jump in f at p/q is given by
lim
x→p/q+
f(x)− lim
x→p/q−
= −1 +
√
1− 4/t2.
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Figure 5. The (a, b) version of f for (a, b, c)=(3, 3, 3), (
√
8,
√
8, 4),
(
√
5,
√
20, 5), (
√
6,
√
12,
√
18) (left to right, top to bottom).
At irrational x, taking a sequence of rationals p′/q′  x   p′′/q′′ (say along the slow continued
fraction expansion of x) gives
lim
p′/q′x p′′/q′′ f(p′′/q′′)− f(p′/q′) = limt′,t′′→∞
−1 +
√
1− 4 ( 1
t′2 +
1
t′′2
)
2
= 0,
proving continutity of f at irrational x.
Starting at zero and adding the jumps in f at rationals (including the “half-jumps” at 0
and 1) gives
c
ab
+
−1 +√1− 4/a2
2
+
∑
p/q∈(0,1)
(
−1 +
√
1− 4/t2
)
+
−1 +√1− 4/b2
2
= 0.
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Repeating the argument above three times and throwing in the terms for a, b, and c them-
selves gives∑
γ
(
−1 +
√
1− 4/t2
)
= −3 +
√
1− 4/a2 +
√
1− 4/a2 +
√
1− 4/a2 for a, b, c
+
1−√1− 4/a2
2
+
1−√1− 4/b2
2
− c
ab
for the pair (a, b)
+
1−√1− 4/b2
2
+
1−√1− 4/c2
2
− a
bc
for the pair (b, c)
+
1−√1− 4/c2
2
+
1−√1− 4/a2
2
− b
ca
for the pair (c, a)
= −1 (Markoff equation).
This gives McShane’s identity after noting that
1
1 + el
=
1−√1− 4/t2
2
using the trace-length relation
l = 2 arccosh(t/2).
See Figure 6 for an example of the three f functions for a random triple.
Figure 6. The (a, b), (b, c), and (c, a) versions of f for a random triple
(a, b, c) = (2.59740058623, 4.18711171215, 7.73808785195).
As a final remark, the function f (say with the triple (6, 3, 3)) is one-third of what is called
the “Cohn index” in [Aig13] and has been considered elsewhere to some extent (e.g. [Bom07]
Appendix B). Bounding this ratio using the existence of the jumps at 0/1 and 1/1 (along with
a little number theory) is enough to prove the uniqueness of some Markoff numbers (prime
powers and twice prime powers in [Bom07], 5pk in [Aig13] Proposition 4.21). Transcendence
of the values of f at irrational x for the starting triple (3, 3, 3) can be deduced from [AB05]
as noted in [Hin19].
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